Relativistic kinetic theory is applied to the study of the balance equations for relativistic multicomponent mixtures, comparing the approaches corresponding to Eckart's and Landau-Lifshitz's frames. It is shown that the concept of particle velocity relative to the center of mass of the fluid is essential to establish the structure of the energy-momentum tensor in both cases. Different operational definitions of the center of mass velocity lead either to the inclusion of heat in the energymomentum tensor (particle/Eckart frame) or to strictly relativistic contributions to the diffusion fluxes (energy/Landau-Lifshitz frame). The results here obtained are discussed emphasizing the physical features regarding each approach.
Introduction
The transport equations for dissipative relativistic mixtures are not completely understood. In particular, the precise form of the relations between thermodynamic forces and fluxes has been a subject of debate for decades. Purely relativistic features of high temperature fluids in non-equilibrium states were first identified in the pioneering work by C. Eckart [1] and later discussed in the classical textbook written by L. Landau and E.M. Lifshitz [2] . Moreover, relativistic kinetic theory have provided insight to the microscopic foundations of the transport equations, allowing to the identification of open problems [3, 4, 5, 6] . Once the generic instabilities of relativistic simple fluids were phenomenologically identified by Hiscock and Lindlom back in 1985 [7] , the corresponding analysis of the physics behind them became a subject of study by several authors [5, 8, 9, 10, 11] . The stability properties of relativistic fluids are also a subject of debate. Although first order in the gradients theories have been improved through the use of kinetic theory [11] other issues regarding stability and causality had motivated the use of second order theories and generalized formalisms in order to establish proper sets of transport equations [12, 13, 14, 15] . In this context, the use of the Chapman-Enskog treatment of the relativistic Boltzmann equation became a particularly useful tool in order to examine the effect of the constitutive equations on the stability of linear fluctuations in Eckart's frame [16] .
The establishment of the stress tensor in non-relativistic kinetic theory involves the decomposition of the velocity field of single particles in terms of the hydrodynamic velocity and a "peculiar" or "chaotic" velocity measured in a system comoving with the center mass of the fluid. This type of decomposition is also valid for the case of multicomponent systems, and eventually leads to the expressions for diffusive fluxes, heat flows and viscous dissipation. One possible approach for the analysis of relativistic multicomponent systems is based on the use of a similar decomposition that is equivalent to the Lorentz transformation.
The purpose of this paper is to show that the structure of the energy-momentum tensor for a multicomponent relativistic fluid, as established from kinetic theory, critically depends on the operational definition of the center of mass velocity of the system. The usual expression of the energy-momentum tensor in Eckart's frame, which includes the heat flux, is obtained by means of a "non-thermal" definition of the center of mass velocity. In contrast, in the Landau-Lifshitz approach the heat flux is not contained in the energy-momentum tensor and new dissipative effects appear in the diffusive fluxes established through the corresponding center of mass velocity definition, which now includes thermal energy. This paper is divided as follows: in section two we review the non-relativistic establishment of the stress tensor for a multicomponent fluid emphasizing how the definition of the center of mass velocity is motivated by the requirement that the cross-terms present in the stress tensor vanish. In section three it is shown that the presence of the cross-terms in Eckart's frame is directly related to the heat flux, while in Landau's frame the heat flux will not be present in the energy-momentum tensor if the center of mass velocity is suitable defined. Final remarks concerning the analysis of the physical features of both approaches, and its relation with the generic instabilities of multicomponent relativistic fluids are included in the last section of this work.
The stress tensor in the non-relativistic regime
The non-relativistic Boltzmann equation for multicomponent systems in the absence of external forces is given by
where v (i) is the velocity vector, r (i) the position of the particle, f (i) is the distribution function for the i − th species and J(f (j) f (i) ) is the collision kernel [17] . The balance equations for particles and linear momentum are obtained multiplying Eq. (1) by the collision invariants
] respectively, and integrating with respect to the velocity fields. For the particle balance we use the collision invariant m (i) to get,
At this point, we introduce the definition of statistical average of a dynamical variable ψ (i) . In the non-relativistic case, this quantity is simply given by
In the absence of dissipation (Euler regime), the Maxwellian distribution function is used for the calculation of the statistical averages, namely
where k B is the Boltzmann constant and T is the local temperature. Notice that n (i) is the particle number density of the i − th species and that it is given by
The relation between the molecular velocity v (i) , the chaotic velocity C (i) of a single particle and the center of mass velocity u for the mixture is given by the Galilean transformation
Eq. (6) is expressed in terms of the chaotic velocity of the i − th species and the center of mass velocity u of the fluid, which has not been defined yet. Here, the hydrodynamic velocity for each species is given by:
Following the standard procedure, we use Eqs. (6) and (7) so that the particle balance equation (2) can be rewritten as:
From Eq. (8) it is direct to identify the diffusive flux for species i as:
so that the continuity equation can also be expressed as:
In order to obtain the particle balance equation for the whole mixture, we perform a summation of Eq. (10) over all species obtaining:
The procedure mentioned above, applied to the collision invariant m (i) v (i) leads to the equation of motion:
Using the average notation (3) and summing over all species we can rewrite Eq. (12) as:
This equation can be expressed in terms of the chaotic velocities C (i) leading to
The terms of the type C (i) u present in Eq. (14) only vanish with a suitable definition of the center of mass velocity u. Indeed, the requirement
can be expressed, using Eq. (6) as
Solving Eq. (16) for u, the center of mass velocity is easily identified as:
The definition (17) simplifies both the balance equations (11) and (14) . Indeed, the right hand side of the mass balance equation (11) vanishes and defining ρ = (10) and (14) reduce to
where
is the usual stress tensor. In the next section a similar procedure is applied to the special relativistic case. The reader can notice that Eq. (11) also implies electric charge conservation since
In Eq. (20) e (i) represents the charge corresponding to species i, which is also a collision invariant.Two possible generalizations of Eq. (17) will arise, one will correspond to the particle (Eckart) frame and the other one to the energy (Landau-Lifshitz) frame.
The energy-momentum tensor for the relativistic binary mixture
The Boltzmann equation for a mixture in the relativistic case reads [5, 18, 19] which reads:
where f (i) is the distribution function for species i, V µ (i) is the single particle four-velocity given by V
c 2 ; in this definition v ℓ (i) is the particle three velocity. Greek indices will run form one to four, while latin indices will run from one to three. Eq. (21) can be generalized in order to include reactions which are relevant in high energy scenarios [19] . Nevertheless, for the purpose of the present work we shall restrict to collisional interactions assuming the absence of particle creation/annihilation processes. In local equilibrium, the relativistic counterpart of Eq. (4) for species i is the well-known Jüttner function [5] :
is the particle number density of species i, c is the speed of light,
m (i) c 2 corresponds to the relativistic parameter measuring the ratio between thermal energy and rest mass energy for each species, and
is the modified Bessel function of the second kind.
. It is shown in Appendix B of Ref. [20] 
. This particular form of the invariant measure has been applied in the framework of relativistic thermodynamics by several authors. In order to establish the balance equations, we multiply Eq. (21) by the collision invariants
, obtaining upon integration the particle flux:
the energy-momentum tensor:
and the electric current density:
The invariant velocity element included in Eqs. (24) and (25) has been discussed by many authors since the original works by Jüttner, and a brief calculation leading to its explicit form is included in the appendix of reference [6] . The total balance equations are obtained summing over all species, leading to the expressions:
Ordinary derivatives are used in Eqs. (27) since no space-time curvature effects are relevant in this case. We now introduce the special relativistic generalization of the Galilean transformation of velocities (6):
where L ν α is the Lorentz transformation, K α (i) the chaotic four-velocity of an individual particle in the mixture, γ (K,i) is the Lorentz factor associated to the chaotic velocity of an individual particle of a given species, and R µ α is the product of the Lorentz boost and the spatial projector h (28) can be established using the fact that V µ can be decomposed in terms of a parallel component to the hydrodynamic velocity and another one orthogonal to it. Thus V
. Now introducing the chaotic velocity K α (i) in the right hand side of this equation one can easily obtain [6] . As it will be seen in the next subsections, the use of Eq. (28) leads to the special relativistic generalizations of equations (8) and (14) . The velocity included in Eq. (28) must refer to a flow velocity rather than to a reference system velocity. This concept is rather subtle and has been thoroughly discussed in references [21, 22] . In our case this quantity will refer to the hydrodynamic flows in the so-called particle and energy frames, which will be discussed for multicomponent mixtures in the following subsections. Notice that the total charge flux for the case of a plasma consisting of particles and antiparticles vanish since
The first term corresponds to the local charge density which would vanish due to the presence of particle-antiparticle pairs. The second term would also vanish since each particle-antiparticle terms posses identical statistical properties and equal charges with opposite signs.
Energy-momentum tensor and center of mass velocity in the Eckart frame
The particle balance equation for multicomponent mixtures is given by
Introducing Eq. (28) into Eq. (31), and taking into account only the spatial components of the balance equation we immediately obtain
We now define the statistical average in Eckart's frame as:
The hydrodynamic velocity for species i is given by
Eq. (32) in this notation can be rewritten as:
The last term in the right hand side of Eq. (35) is the relativistic counterpart of the diffusion fluxes contained in Eq. (11) . In Eckart's frame, these contributions are required to vanish, so that:
Eq. (36), can be rewritten using Eq. (28), thus obtaining:
and the center of mass velocity in the Eckart frame then reads:
Eq. (38) is one possible relativistic analog of Eq. (17) . With this description the particle balance equations posses the same structure as in the non-relativistic formalism; nevertheless, relativistic effects from the heat flux arise in the spatial components of the linear momentum balance equations. The spatial components of the energy-momentum tensor read:
Substituting Eq. (28) in Eq. (39) the energy-momentum tensor can be re-expressed as:
The use of expression (36) leads, after straightforward algebraic manipulations to the Eckart's form of the spatial components of the energy momentum tensor:
where:ρ
is the mass-energy density which is defined in the local equilibrium state,
is the stress tensor, and
is the heat flux. The inertial properties of heat, implied by this last expression have been thoroughly discussed in Ref. [10] . In order to address the main non-equilibrium properties of the mixture we shall establish the corresponding expression for the entropy production of the system. For the sake of simplicity we will use the model equation first proposed by Marle, using a single collision time, for the treatment in Eckart's frame [5, 23] and the Anderson and Witting approach to the BGK formalism for the Landau-Lifshitz case [4, 24] . The entropy balance equation for the mixture in Eckart's case is obtained upon multiplication of both sides of Eq. (21) by k B ln f (i) and integration with respect to the invariant measure d * V (i) . The corresponding result reads [25] :
where S ν is the entropy four-flux and σ is the entropy production. These quantities are given by
and
in Marle's model. The next step in order to obtain the entropy production is to introduce the Chapman-Enskog's hypothesis for the distribution function, that is
is a first order in the gradients correction to the local equilibrium distribution function f (0)
[J](i) . A direct calculation in the Navier-Stokes regime and using the fact that ln(1 + ϕ (i) ) ∼ ϕ (i) yields:
so that σ is a positive semidefinite quantity. The explicit form of the entropy production in terms of the thermodynamic forces is obtained through the expression
, where K n 1 z (i) corresponds to the modified Bessel function of the n-th kind. The establishment of fluxes requires a careful election of the representation of the thermodynamic forces in order to satisfy Onsager's reciprocity relations. The corresponding analysis for Eckart's frame is discussed elsewhere [18, 26] and is beyond the scope of the present work. This subject will be part of a thorough analysis in the near future.
Energy-momentum tensor and center of mass velocity in the Landau and Lifshitz frame
In order to grasp the role of the heat flux in the Landau-Lifshitz's frame, we start considering Eq. (37), introducing a slightly different definition of statistical average, namely
The introduction of the new notation and using Eq. (28) in order to rewrite Eq. (39) leads to
We now proceed in a similar fashion as in the establishment of Eq. (17) form Eq. (14) . The condition necessary for the cross-terms in the momentum balance to vanish now read:
so that the center of mass velocity in the Landau-Lifshitz frame takes the form
The type of integral present in the denominator of Eq. (56) is well-known and corresponds to the internal energy density of each species [5, 6] , namely
On the other hand, new fluxes are present in the particle balance equation, which now reads:
The sum of the diffusion fluxes
Out of equilibrium, the sum of the diffusion fluxes does not vanish in contrast with the non-relativistic case. The specific form of this strictly relativistic effects depends on the non-equilibrium distribution function derivable from approximate solutions of the Boltzmann equation (21) . The reader must notice that Eq. (58) is not in conflict with charge conservation in the case of a system consisting in particle-antiparticle pairs. This can be seen from Eq. (29) which admits opposite signs that lead to the cancellation of the total flux in the presence of symmetry. This is not the case for the mass flux (58) since all masses are non-negative. The entropy production of the multicomponent system in the Landau-Lifshitz frame can be established following the same procedure presented in the previous section. In this case, the Boltzmann equation in the BGK approximation takes the form [4, 24] :
Eqs. (45), (46) and (48) remain invariant in both frames, but in the Landau-Lifshitz case Eqs. (47) and (49) become:
so that
The entropy production given in Eq. (61) is positive semidefinite and can be expressed in terms of the first order in the gradients thermodynamic forces as:
[J](i),α is still given by Eq. (59). It is important to emphasize that the γ (K,i) factor in the integral at the right hand side of Eq. (62) leads in the Landau-Lifshitz case to non-vanishing contributions to the entropy production corresponding to the scalar product of the particle flux and its corresponding thermodynamic forces. This feature is not present in Eckart's frame (see Eq. (35) in Appendix B of Ref. [25] ). In Table 1 we compare both descriptions of relativistic kinetic theory in terms of the aforementioned operational definitions of the center of mass velocity of the relativistic mixture.
Final Remarks
The first formulations of relativistic irreversible thermodynamics were firstly proposed by purely phenomenological arguments [1, 2] . Pathological features of the early formalism were later identified suggesting the need of extended theories [27] . On the other hand, a thorough revision of the microscopic foundations of the transport theory of dissipative relativistic fluid has led to stable sets of equations within the Chapman-Enskog method and the use of linear constitutive equations [16] .
It has been shown that the structure of the energy-momentum tensor in the relativistic kinetic theory of multicomponent mixtures depends on the operational definition of the center of mass velocity of the system. We believe that this physical insight of Eckart's and Landau-Lifshitz's frames will be useful for explicit calculations regarding transport properties of relativistic multicomponent systems. Immediate work using the present approach include new studies regarding the relativistic Onsager's reciprocity relations [26] , and the analysis of the entropy production for a relativistic multicomponent mixture to first order in the gradients in the Landau-Lifshitz frame. Other interesting future work corresponds to the study of relativistic multicomponent systems in the realm of Kaluza's magnetohydrodynamics [28] , and a thorough revision of the generic instabilities of linear perturbations in the case of relativistic multicomponent systems [5] . 
Center of mass velocity On a future paper we will discuss the time-like components of the balance equations in order to establish a complete description of the system. We naturally expect that the methods used in Ref. [11] applied to the corresponding linearized system will show stability properties for the multicomponent system in the energy frame.
